where (A,/3, C) is a realization of the closed-loop system _-_(P, K). As an analysis LMI this is readily solved for P and <2, however, (A, B, C) is the closed-loop system and it contains further unknowns from the control law. A direct expansion of (1) yields inequalities that contain products of unknowns, and therefore is no longer convex.
As developed in z a congruence transformation coupled with a substitution of variables can restore convexity with respect to a new set of unknowns. These unknowns are (,4, B, C, D, X,Y) and are related to the original controller (Ak, Bk, C_:, D_) and Lyapunov term P by the following equations,
where ._4N T = (l -X] z) and P is related to X and Y by In these new unknowns the H2 norm condition of (1) can be written as the equivalent problem of minimizing the trace of Q subject to .4x +sO +(.)r (.7 (Fl (B, , , + s_, , , , , ) 
where the terms ( (A, St, C,D) and (A, B._, C, D) but also for any input matrix given by,
This condition ensures tolerance of attenuation in actuator gain as well as fully failed scenarios.
Eliminating
Parametric Dependence
The design method described above yields faultscheduled (FS) control laws. This is because even for a constant set of solution variables (A, B, C, D, X, Y) the controller still must be calculated by inversion of (3)-(5), yielding
This solution introduces a parametric dependence in the control law. If the input faults of the system are available for real time implementation, then the FS controller can be implemented. The ability to accurat.ely measure faults in a system, however, is often unrealistic.
Recent work has looked at sensitivity to errors in the scheduling parameter in an attempt to design robust LPV controllers that will tolerate errors in estimation of the fault condition}
Here we seek a method to find a fixed controller that will tolerate rapid and unmeasured changes in the condition of the plant. (17) and (19), along with a modified gq.
(18). -2002-4940 this, consider an example of a system with two inputs. First consider a hard failure case, wherein one act,uator has totally failed. There are three distinct vertex points that need to be considered in this case. These are: (a) Both actuators functional;
AIAA
(b) Actuator one h_ failed; and (c) actuator two has failed. Mathematically, these case are described by the following input matrices.
where Bo_ and B_ represent the first and second column of Bo, respectively. The soft failure case is a bit more invoh,ed because both gain and phase changes are possible.
As mentioned previously, one of the as- 
Example Problem
The proposed fault tolerant method is demonstrated on a simple mass-spring-damper system. As shown in Figure 3 , three serially connected masses compose the system model, with the following parameters: each mass is 1 Kg, each spring is 100 N/m, and each dan_per is 0.25 Ns/m. A velocity sensor is assumed to provide velocity measurements from mass no. 1. Two force actuators are ,assumed, at mass no. 1 and 3, to provide control forces. The model can be explicitly written,
The failures of interest are soft failures, in terms of gain attenuation or phase changes, in any single actuator, up to hard failures, i.e., a full loss of any single input. The spring-mass system is assumed to be disturbed by aa_ unmeasured force applied to the second mass. The goal of the controller is to minimize the H2 norm from this input to a performance metric which is the sum of the the displacement and velocity of the third mass. This represents the ability of the disturbance to drive energy into the system. The optimization is balanced by including both sensor noise, as additional weighted disturbances, and a control effort penalty. This arrangement is shown in the augmented plant of Figure 1 .
To accommodate both soft and hard failures in the same parameterization, first the two inputs of the system were increased to four by duplicating the two nominal inputs. Then, failure dynamics filters were appended to the plant at the inputs. Two types of failure dynamics were included. The first filter dynannies was chosen to represent aa_ actuator dynamics with significantly reduced bandwidth, i.e., a low pass filter, as follows: It is interesting to note that the combination of the two filters gives the dynamics of a fully functional actuator with a roll-off at 10 Hz. Hence, these dynanfics can serve to represent both soft and hard failures.
Moreover, three distinct design criteria may be considered with this formulation. They are designs for soft failure only, hard failure only, and soft and hard failures. The frequency response coverage provided by the appended failure dynamics, in terms of gain attenuation and phase changes, for each design criteria is illustrated in Figure 4 . As expected, the hard failure case (Figure 4(a) ) allows for actuator gain variations between 0 and 1 with no variations in phase. The soft failure ease does allow for phase variations as well as some gain variations. The combined case (Figure 4(c (21) are solved for each of these four conditions they provide a fixed control law with guaranteed//2 performance for hard or soft failure of any one actuator. The bounds are actually guaranteed over a convex shape as shown in Figure 2 , where the origin is the nominal condition and each independent axis represents the percentage degradation in a given actuator. The control design imposes an H2 norm bound for every system within this space of potential failures. For the soft failure only case, there were five vertex points; the nominal with no failure (all 4 columns of the B matrix in tact), and one with each soft failure mode of an actuator (one coiumn of the 5' matrix zeroed out at a time). For the combined soft and hard failure case, there were seven vertex points considered.
These are those included in the soft failure case along with two additional vertex points for total failure of one of the two actuators (the first two colmnns of the B matrix nulled for actuator no. 1 failure, and the last two columns nulled for actuator no. 2 failure). Note that the guarantees indicated for the hard failure case (over a convex shape similar to Figure 2 ) also holds for the soft failure and combined cases as well.
Numerlcal Results
Three separate control laws were designed. For reference an He optimal controller was designed via Riccati equations for the nominal unfailed system. A fault-scheduled (FS) controller was also designed b), solving the LMI conditions of (17)-(20). The implementation of this controller depends upon measurement of the failed condition of the plant as it must be interpolated in real-time. Finally, using the LMI conditions of (17)-(21) a fixed controller was designed.
Although based in part on the solution for the nominal plant FS controller, this fixed control law had provable performance bounds over the entire range of single-fault failures.
The LMI problems were posed using "YALMIP",6 which is an LMI parser for use in the MATLAB environment.
The LMI conditions were solved using "SeDuMi", s a sparse convex so/ver for MATLAB environment.
The three design cases u,ere _rst eva]uated for three failure cases: hard failures only, soft failures only, and combined hard and soft failures. The results are summarized in Table 1 -3. In all three cases, it is observed that although the straight//2 control law has the best performance on the nominal system, this performance is not maintained for most of the failure conditions.
In fact, in all three cases the H2 controller is unstable with the failure of actuator no. 1. This is to be expected as its design does not consider any failures. The predicted (design) H2 norms for the FS and convexhull controllers are typically more conservative than their actual norms, mainly due to the use of a single Lyapunov matrix in the multi-vertex LMI formulation. This conservatism is easily observed in Tables   1-3 . The performance of the FS and convex-hull controllers are slightly worse than the H_ for the nominal plant (no failure). However, they are fully stable and maintain a good performance through different soft and hard failure scenarios.
As mentioned before, the FS controller requires real-time measurement of the failure-state, and thus is not feasible for most applications. The fixed gain convex-hull control law has a higher bound than the FS control law, but the performance is similar (and in many cases even better) and
it has the significant advantage of not requiring knowledge on the failure state of the system. These results are also iIIustrated graphicalIy in Figures 5-7 . Here, singular value plots of the transfer function from disturbance to performance output are provided for the three failure scenarios. A significant degradation in the first mode attenuation is observed in the straight H_ control, particularly for hard and combined failure modes. Also, both the FS and convex-hull controllers exhibit a loss of performance in the second mode for the hard and combined failure modes. This is the cost of ensuring robustness against total failure in any one actuator.
It should be emphasized that these plots may only be used as a ways of observing trends in the frequency domain, and are not suitable to indicate closed-loop instabilities.
Hence, closed-loop insatiabilities with the H., controller, although there, cannot be seen in these plots.
Finally, a Monte Carlo analysis of the performance of these three controller were performed.
A set of three analysis, one for each type of failure considered, were conducted.
In each of these analysis, 500 points were randomly chosen in the convex hull formed by the vertex po'mts in each design, and then the H._ norms were computed.
The results of these analysis are summarized in Figure 8, . 
